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In this supplementary information, for the simplicity denote two input systems as

[P)a, = (an1|R) +a12|L)) ® (Burllilr) + Bialli E1) + Bislrilh) + Pra|ri1Er))
= ao|R)|[liI1) + au|R)|l1Er) + co|R)[ri]h) + as|R)|r EL)
Fau|L)|lLIy) + as|L) |11 Ev) + ag|L)[ri 1) + az|L)|riEq), (1)
[P)a, = (a21|R) + aa2|L)) @ (Ba1|lal2) + BaallaEa) + Bas|rala) + BaulraFa))
= Bo|R)|l2L2) + B1|R)|l2E2) + Ba|R)|ra12) + B3| R)|r2E2)
+B4|L)|l212) + B5|L)|l2E2) + Bs| L) |r2l2) + Br|L)|raEs). (2)

Appendix A. CNOT gate on the polarization DoF's of two photons

First, from the Figure 3(a), the photon A; evolves as follows

(0)ay [ +)e,  —PPRNREPES, (00 |R) I 11) + aa [R) L EL) + ol R) 1 1) + as| R)|r1 E))|4+)e

path 1
tau| L)) =)e, + (as| L)1 Er) + as|L)|ril1) + az|L)|[r1E1))[+)e,

CPBS,NV,,CPBS
. (ao|R)|l111) + an|R)|l1 En) + ao|R)[rih) + as|R)|[riEn))[+)e,

path 2
+(aa|L)|ln 1) + as|L)|[lLEr))|[=)e, + (as|L)|r1l1) + az|L)[r1Er))|+)e,

CPBS,NVi,CPBS
! (ao|R)|I111) + a1 |RY W Er) + aa|RY|r1 [1) + as|R)|r1 E1))|+)e,

path 3
+(aa| L)l 1) + as| L)L Ey) + ag|L)|rid1))[=)e, + az|L)|[riEr)|+)e,

CPBS,NV,,CPBS
(o R)|l111) + ca|R)|l1 Er) + co| R)[r111) + as|R)|riEr))|+)e,

path 4
(D)) + as| L)1 Ev) + ag|L)|[ridy) + ar| L) Ev))[=)e, == [P1) are,

(3)



This is a controlled-Z gate(C'Z,.(A1,e1)) on the polarization state of the photon A; and the NV

center e; [the NV center e; as the target qubit], i.e.,
CZpe == |R)(R| @ (|m™)(m™ |+ [m™){m™|) + |L)(L| @ (Im™){m~| — |m™)(m™])

And then, after a Hadamard transformation H* being performed on the NV center ey, the

photon As evolves as follows

HP ,CPBS,NVq,
CPBS,HP

|P1) Ay |9) 4, (| R)|l111) + a1|R) |1 E1) + ao|R)|ri11) + a3|R)|r1E1)) A, Im™ e, [@) a,

path 5
+(au|L)|l1 1) + as| L)L Ev) + ag| L) |r111) + ar|L)|r1Er)) a, [m™)e,

®R[XP(Bo|L)[l212) + Ba|R)|l212)) + Bi|R)|l2E2) + S| R)|ral2)
+B3|R)|r2Eo) + B5|L)|laEa) + Bs|L)|r2l2) + B7|L)|raE2)] 4,

HP,CPBS,NVy,

PBS,HP _
< ;6 (| R)|l1 1) + a1 |R)|l1 E1) + ao|R)|[r11h) + as|R)[r1E1)) Ay M7 ey @) 4,
pa

+(au|LY | It) + as| L) |11 Ey) + ag| L) [r111) + o| L) [r1 En)) ay [m™)e,
R[XP(Bo|L)|l2d2) + Ba|R)|l212) 4 B1|R)|l2E2) + B5|L)|l2E2))
+B2|R)|r212) + B3|R)|r2E2) + Bs|L)|rala) + B7|L)|r2Ea)]a,

HP,CPBS,NVy,
CPBS,HP

St 7 (| R)|l111) + a1|R)|[1 En) + ao|R)|r11h) + as|R)|r1 1)) 4, M e, [@) 4,
+(au| L) 1) + as| L) |11 Er) + a6| L) [r111) + o| L) [r1 Ev)) a, [m™ ) e,
R[XP(Bo| L) |l212) + Ba|R)|l212) + B1|R)|l2E2) + Bs5|L)|l2E2)
+B2|R)|r212) + Bs|L)|rala)) + B3| R)|raE2) + Br|L)|[raEa)] a,

HP ,CPBS,NVq,
CPBS,HP

T (| R)|l111) + a1|R) |1 Er) + ao|R)|r111) + a3|R)|r1E1)) A, m™ e, [@) a,
pa

+(aa| L) 1) + as| L) |11 Er) + a6 | L) [r111) + o L) [r1 En)) ay [m™ ) e,
Q[XP(Bo|L)|l2d2) + Ba|R)|l212) 4+ B1|R)|l2E2) + B5|L)|loE2)
+Ba|R)|rala) + Bo|L)|ral2) + B3| R)|roE2) + B7|L)|r2Ea))]a,

which may collapse into

(| R)|ln11) + aa|R)[l1 En) + ao|R)[ri1h) + as|R)|[r1E1)) A, [9) 4,
+(aa| L)1 1) + as| L)1 Er) + ag| L) |rifh) + ar|L)|[r1Er)) a, (XP[@) 4,) (4)

after measuring the NV center e; under the basis {|+)}, where X? = |R)(L| + |L)(R| and ZP =
|R)(R|— |L)(L| will be performed for the photon A; from each mode for the measurement outcome
|—)e, of the NV center e;.



Appendix B. CNOT gate on the spatial DoFs {/,r} of two photons

First, from the Figure 3(b), the photon A; from the spatial mode r11; passes through CPBS, N5,
XP NVy, XP, CPBS, sequentially. In detail, the pulse from the spatial mode 711 is separated
from CPBS in the left. Its reflected pulse passes through the NV-cavity NV, firstly. And then
the transmitted pulse passes through waveplate XP, NV-cavity NV, and another waveplate XP?,
sequentially. Now, the pulse output from the NV-cavity NVs and the pulse output from X? will
be combined at another CPBS simultaneously. Similar operations will be performed for the spatial

mode 71 Fq. Generally, the photon A; and NV center es will evolve as follows

CPBS,NVy,
XP,NVy,XP ,CPBS

|9) 4y [+ ) e (2|R)|rilh) + as|L)|r111))|=)e, + (ol R)|l111) + | L) |11 I1)

mode rilq
+a1|R)|[I1E1) + a3|R)|r1E1) + as|L)|l1 Ev) + a7 | L) |1 E1))|+)e,

CPBS,NVy,
XP,NVy,XP ,CPBS

(2| R)|r111) + ag|L)|r111) + as|R)|r1E1) + az|L)|r1E1))[—)e,
mode r E;

+(ao|R)[I111) + au|L)|l1I1) + ca | R)|I1 Er) + as| L) |11 E1))|[+)e,
= |\IJ1>A162 (5)

This is a controlled-Z gate(CZs.) on the spatial DoF {]I),|r)} of the photon A; and the NV center
ez [the NV center es as the target qubit], i.e.,

CZpe = |){U @ I(|m™)(m™ |+ [m ™) (m™|) + [r){r| @ (jm ™) {m™| = [m™)(m™]) (6)
And then, after a H* being performed on the NV center es, the photon As evolves as follows

"111>A1€2 M’)Az

H*:CBS;CBS N
(ol R)|I111) + cu| L)[I1I1) + x| R)|[l1 Er) + as|L)|11E1)) Ay [m™ e,

mode pairs
(loIg,mo13);(lgEg,ro Eg)

+(az|R)|r111) + ag|L)|r111) + as|R)|r1E1) + az| L) |[r1E1)) a, [m™)e,]
@Byl R)|la12) + By|R)|ralz) + By|L)|l2d2) + Bg|L)|ral2)
+61|R)|laEa) 4 B3| R)|r2E2) + B5|L)[laFa) + B7|L)|r2E2)) a,

CPBS,NV;,
XP,NVy,XP,CPBS

(| R)[l111) + as|L)|ln 1) + ar|R)[I1 Er) + as|L)|[l1Ev)) ay [m ™ e,
mode 71

®(Bo|R)|l212) + B3| R)|rol2) + ByIL)|la2) + Bg|L)|r212)

+B1IR) 2 o) + B3| R)|raEs) + B5|L)|l2B2) + B7|L) |r2E2)) a,
+(ao|R)|r1 1) + ag|L)|r1 1) + as|R)|r1Er) + ar|L)|riEr)) a,m™)e,
®[—(Ba|R)Iralz) 4 Bg|L)|r2l2)) + Byl R)|l2l2) + B3| L)|l212)
+B1IR)laE2) + B3| R)|r2E2) + B |L) |12 Ea) + 87| L) |r2Ea)] a,
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Figure S1| Schematic CNOT gate on the spatial DoFs {I, E} of two photons. e3 denotes an auxiliary NV
center in the NV-cavity NVs. The subcircuit CZs, 4 for the spatial modes [, E1 and r;1 E; of the photon A; is similar
to CZs,,q in the Figure 3(b). The subcircuit Cas, for the spatial mode pairs (111,01 E1) and (r1l1,71E1) of the

photon A; is similar to C'Z,s,, in the Figure 3(b).

CPBS,NVy,
XP,NVy,XP,CPBS _
: » (| R)|I1I1) + au| L)1) + a1 |R) [ Er) + as| L)1 Er)) Ay [mT e,
mode ryEs
(Bl R) |l22) + Bo| R)|rod2) + By|L)|l2I2) + Bg| L) |r212)
+B1|R)|laEa) + B3| R)|roEs) + B5|L)|l2E2) + B7|L)|raEa)) a,
+(az|R)|r1 1) + ag|L)|r111) + as|R) [r1 Ev) + ag| L) |r1B1)) a4, [m T )e,
®@[—(Ba|R)|r2Lz) + Bg|L)|ra o) 4 B3| R)|roEs) + B7|L)|r2Ea))
+60|R)|laIz) + B4|L)|l212) + B1|R)|l2aEa) + B5| L) |l Es)] a,
CBS;CBS _
: (| R)[l111) + aq|L)|ln11) + ar|R)| 1 Er) + as|L)[l1E1)) a, m™ e, [ @) 4,
mode pairs

(lgIg,r913);(lg Eg,ro Eg)

+(az|R)|r111) + ag| L) |r111) + o3| R)|r1Er) 4 ag|L)|r1Er)) a, [m™)e,
®(Bo|R)|rel2) + Ba|L)|r21l2) + B1|R)|r2E2) + Bs|L)|raE2)
+B2|R)|l2I2) + Bs|L)|l212) 4 B3| R)|l2E2) + Br7|L)|l2E2)) A, (7)
which may collapse into

(| R)[l111) + aa|L)|ln[h) + x| R)[l1 Er) + as|L)|[l1Ev)) 4, |6) A,

+(az|R)|r11h) + ae|L)|r111) + as|R)|r1Er) + az|L)|[r1Er))

®(Bo|R)|rol2) + Ba|L)|r21l2) + B1|R)|r2E2) + Bs|L)|raEa)

+B2| R)|l2I2) + Bs|L)|l2I2) + B3| R)|l2Ea) + Br7|L)|l2Ea)) A, (8)

after the measurement of the NV center ea under the basis {|£).,}, where ZP will be performed

for the photon A; from each mode ri1I; and r1E; for the measurement outcome |—),, 66 =
(Bo + B2)/V2, By = (Bo — B2)/V2, By = (Ba+ Be)/V?2, B = (Ba — Bes)/ V2, BL = (B1 + B3)/V?2,
By = (81— B3)/V2, Bt = (B5 + Br)/V?2, and B, = (85 — Br)/V2.

Appendix C. CNOT gate on the spatial DoF's {/, E'} of two photons

From the Figure S1 in Supplementary Information and the Figure 3(b), a subcircuit CZ;, ,, is

performed on the photon A; [from the spatial modes I Ey and r; E1] and auxiliary NV center e to
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get

O ares = (u|R)|WE1) + as5|L) |1 Er) + as|R)|r1Er) + ag|L)|r1E1))| =) e
+(azg|R)|r11) + ag| L) |r1l1) + ao| R) |l 11) + ca|L)|I111))[+)es 9)

This is a controlled-Z gate(CZse) on the spatial DoF {|I),|E)} of the photon A; and the NV center
es [the NV center es as the target qubit], i.e.,

CZpe := IN(I| @ (Im™)(m™| + [m ™) (m™|) + | E)(E| @ (jm™) (m™| = [mT)(m™]) (10)

And then, after a Hadamard transformation H® being performed on the NV center eg, the subcircuit

Cas,; (€3, A2) is performed on the NV center e and the photon As.

) Ayes| @)y ———— (ap|R) I TL) + aa| L)1 1) + o RY[riTh) + ag|LY|ri 1)) ay [m™)es|9) a,

CC"SIE (637 2

+(a|R)|[lWEr) + as|L)|l1 1) + as|R)|[riEr) + ag|L)|riEr)) 4, [m™ e,
®(Bo|R)|laE2) + Ba|L)|laE2) + B2|R)|raka) + Be| L) |raFa)
+B1|R)|l212) + B5|L)|l212) + B3| R)|rada) + B7|L)|ral2)) a,

— (a0 R) I In) + cu| L) |11 1) + ao| R)riIy) + c|L)|r1d1)) 4, |)) A,
+(a1|R)|lLEr) + as|L)|l1Er) + as|R)|r1Er) + ar|L)|r1E1)) 4,
@(Bo|R)|l2E2) + Ba|L)l2E2) + Ba2| R)|r2E2) + B6| L) |r2E)
+61[R)|I212) + Bs|L)|l2I2) + Bs|R) |raIa) + Br7|L)|r2l2)) a, (11)

where —I” will be performed for the photon A; from each spatial mode [} E; and rE; for the
measurement outcome |*>€37 BO — (50 + Bl)/\/ia ﬁi = (BU - ﬁl)/ﬁa ﬁé = (/82 + ﬁ3)/\/§> Bé =
(B2 — B3)/V2, By = (Ba+ B5)/V?2, Bt = (Ba— B5)/V2, B = (Bs + Br)/V2, and B = (Bs — B7)/ V2

Appendix D. Hybrid CNOT gate on the polarization DoF of the
photon A; and the spatial DoF {/,r} of the photon A,

From the Figure 4(a) and the Figure 3(a), after the photon A; from each spatial mode passes
through CPBS, NVi, CPBS, sequentially, the photon A; and the NV center e; will be changed into
|®1) 4,6, as shown in the equation (3). And then, after a H® being performed on the NV center ey,
the subcircuit Cyg,, (€1, A2) is performed on the NV center e; and the photon As.

1) Arer|0) A L; (a0 R)|L 1) + a1 |R) [ Er) + as| R)[ri11) + as| RY|riEr)) ay [m ™ Ve, |6) 4y

Cas,, (€1,A2
+(aa|L) 1) + as| L) |11 Ey) + a6| L) [r111) + a| L) [r1En)) a, [m™ ) e,
®@(Bol|R)|r212) + Ba|L)|r2le) + Bi|R)|[roE2) + B5|L)|raE2)
+B2|R)|l212) + Bs|L)|lal2) + B3| R)[laE2) + B7|L)|laE2)] 4,
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Figure S2| Schematic hybrid CNOT gate on the polarization DoF of the photon A4; and the spatial
DoF {I, E} of the photon A,. €] denotes an auxiliary NV center in the cavity NV;.

which may collapse into

(ao| R}l 1h) + on|R)[11 Ev) + | R)|rid1) + as|R)|riEr)) A, @) A,

+(aus| L)1 1) + as|L)| 11 Ev) + ag|L)|rily) + a7|L)|r1 E1)) a,

®(Bo|R)|r2l2) + Ba|L)|r2l2) + Bi|R)[r2Es) + B5|L)|raEa)

+B2| R)|l212) + Bs|L)|l212) + Bs|R)|l2E) + B7|L)[l2E2)) 4, (12)

after the measurement of the NV center e; under the basis {|£), }, where Z? will be performed

for the photon A; from each mode for the measurement outcome |—)¢,, 85 = (Bo + ,82)/\/5,
B, = (Bo—B2)/ V2, By = (BL+B3)/vV2, By = (B1— B3)/v2, By = (Ba+Bs)/V2, B = (Bs— Bs)/ V2,
Bs = (b5 + 57)/\/5, and 35 = (85 — g7)/\/§.

Appendix E. Hybrid CNOT gate on polarization DoF of the photon
A, and spatial DoF {I, E'} of the photon A,

From the Figure S2 in Supplementary Information, after the photon A; from each spatial mode
passes through CPBS, NV/, CPBS, sequentially, the photon A; and the NV center ¢] will be
changed into |®1) 4,¢; as shown in the equation (3). And then, after a H* being performed on the
NV center €], the subcircuit Cys,,, (€], A2) is performed on the NV center €} and the photon A,.

(@1}, |0)a0 ————— (0| R)|nTa) + | R} Er) + 0zl R)ri ) + as| R)riEx) g fm ey [6)

/
Caspp (e,A2

+(eu| D)) + as| L)l Er) + ae| L) ri 1) + az| L) [riE)) ay [m™) e
@(Bo|R)|laE2) + Ba|L)|laE2) + B2|R)[raE2) + Bs|L)|raka)
+B1|R)|l2I2) + B5|L)|l212) + B3| R)|rala) + Br|L)|r2l2)) 4,

— (ao| R)|lL1h) + oa|R) [ Ey) + ao|R)|rilh) + as|R)|r1E1)) (@) a,
+(au| L) I1) + os| L) |11 B ) + | L) |r111) + o L) |r1 En)) a,
@(Bo|R)|l2E2) + Ba|L)|l2E2) + B2|R)|r2Fa) + Be|L)|r2E2)
+B1|R)|l212) + Bs|L)|l212) + B3| R)|ral2) + Br|L)|ral2)) a, (13)

where Mj denotes the measurement of the NV center ej under the basis {|£).}, and —IP =
1
—|R){(R| —|L)(L| will be performed for the photon A; from each spatial mode |l; E1) and |r1 E1) for
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Figure S3| Schematic hybrid CNOT gate on the spatial DoF {I, E} of the photon A; and the polarization

DoF of the photon As. e denotes an auxiliary NV center charged in the cavity NV;.

the measurement outcome |—),. Here, 8y = (8o + 51)/v/2, B8] = (Bo— b1)/V2, By = (B2 + B3)/ V2,
By = (B2—B3)/V2, By = (Ba+B5)/V2, B = (Ba—B5)/V2, Bs = (Bs+B7)/V2, and By = (Bs—B7)/ V2.

Appendix F. Hybrid CNOT gate on the spatial DoF {l,r} of the
photon A; and the polarization DoF of the photon A,

From the Figure 4(b) the photon A; from the spatial mode r1I; passes through CPBS, NVa, XP,
NV,, XP. CPBS, sequentially. Similar operations will be performed for the photon A; from the
spatial mode 1 E;. After these operations, the photon A; and NV center e; are changed into |¥;)
as shown in the equation (5). After a H* performed on the NV center e, the photon Ay from
each mode will pass through H?, CPBS, NV,, CPBS, H?, sequentially to complete the subcircuit
Cap(er, Az). In detail,

U1 Ayea| @)y ——— (o R)|W 1) + aa| L)1) + a1 |[R) L Er) + as| L)1 E)) 4, 6) 4,

Cap (31 7A2)

+(042‘R>’7"1[1> + @6‘L>‘T’1[1> + Oz3|R>‘7“1E1> + 047‘L>’7"1E1>)A1
@(Ba|R)|l212) + Bol L)|l2l2) + B2|R)|ral2) + Bs|L)|r2l2)
+B5|R)|l2E2) + B1|L)|l2E2) + B3| R)|[r2Ea) + B7|L)|rab2))a, (14)

after the measurement of the NV center ey under the basis {|£)., }, where —I? will be performed

for the photon A; from each mode riI; and r1 E; for the measurement outcome |—)e,.

Appendix G. Hybrid CNOT gate on the spatial DoF {I, F'} of the
photon A; and the polarization DoF of the photon A,

From the Figure S3 in Supplementary Information, the photon A; from the spatial mode [ F1 and
r1Ey passes through CPBS, NV, X?, NV,, XP, CPBS, sequentially. After these operations, the
photon A; and NV center €/, are changed into |¥;) as shown in the equation (9). After a H®
performed on the NV center €}, the photon Ay from each mode will pass through H?, CPBS, NV},



CPBS, HP, sequentially. In detail,

HP
‘\I/11>A1e'2‘¢>A2

(ao|R)|l111) + cu| L) In) + ao|R)|rifh) + as|L) rid1)) a, [m™ ) ey @) 4,

Cap(e/QvAz

+(a1|R)[ Er) + as| L)l Er) + as|R)|[ri Br) + az|L)|[riE)) ay [m ™) e
®(Ba|R)|l212) + Bo|L)|l212) + Ba|R)|r212) + Bs|L)|ral2)
+B5|R)|l2F2) + B1|L)|l2Ea) + 7| R)|r2Ea) + B3|L)|r2E2)) A,

which may collapse into

(a0 R) Il Ih) + | L) |11 1) + ap| R)ray) + as|L)|r1d1)) 4, |)) 4,

+(a1|R) |1 Er) + as|L) |1 Er) + as|R)|rEr) + ag|L)|[r1Eq)) a,

®(Ba| R)|l212) + BolL)|l212) + Ba| R)|rala) + B|L)|r212)

+05|R)|12E2) + B1|L)|laE2) + Bs|R)|raEa) + B7|L)|r2E2)) a, (15)

after measuring the NV center e, under the basis {|£)e,}, where —IP will be performed for the

photon A; from each mode /1 E; and r E; for the measurement outcome |—>6/2.

Appendix H. Hybrid CNOT gate on the spatial DoF {l/,r} of the
photon A; and the spatial DoF {I, E} of the photon A,

First, from the Figure 4(c) the photon A; from the spatial modes r1I; and r E; pass through

CPBS, NV, XP, NV3, XP, CPBS, sequentially. After these operations, the photon A; and NV

center eg are changed into |¥;) as shown in the equation (5). After a Hadamard operation H®

performed on the NV center eg, the subcircuit Cys, , (€3, A2) is performed on the NV center e3 and

the photon As.

W) dreal@) 4y ————— (a0l R} + aa| D)) + [ R) 1 By + sl L)1 Bn)) ay I Yes ) ag

CasIE (637 2)

+(ag|R)|ri1v) + ae| L) |r111) + as|R)[r1 Ex) + az| L) |[r1 Br)) ay [m ™) e,

®(Bo| R)|l2E2) + Ba|L)|l2E2) + B2|R)|r2E2) + Be|L)|r2E2)

+B1|R)|l212) + Bs|L)|la2) + B3| R)|r212) + Br|L)|r2l2)) a,

— (ao|R)|l111) + | L)|ln h) + ca | R) L En) + as| L)l En)) A, |)) 4,

+(az|R)|[rili) + ae|L)|r111) + ag|R)[r1Er) + az|L)[r1Er)) a,

@ (Bo|R)|l2E2) + Ba|L)|l2E2) + Ba| R)|[r2E2) + Bs|L)|raE2)

+B1|R)|la12) + Bs|L)|la2) + B3| R)|r212) + Br|L)|r21a)) a, (16)
where two phase flips —IPs will be performed for the photon A; from the spatial modes [1 £ and

r1E; for the measurement outcome |—).,, 5y = (ﬂo—i—ﬁl)/\/§7 Bl = (50—51)/\@, By = (624—53)/\/5,
By = (B2—P3)/V2, By = (Ba+B5)/V2, B = (Ba—B5)/V2, B; = (Bs+B7)/V2, and B = (Bs—B7)/ V2.
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Figure S4| Schematic hybrid CNOT gate on the spatial DoF {I, E} of the photon A; and the spatial

DoF {i,r} of the photon A,. e5 denotes an auxiliary NV center charged in the cavity NV3.

Appendix I. Hybrid CNOT gate on the spatial DoF {I, E} of the
photon A; and the spatial DoF {/,r} of the photon A,

From the Figure S4 in Supplementary Information, the photon A; from the spatial modes 1 F
and r1Eq pass through CPBS, NV5, XP, NV3, XP CPBS, sequentially. After these operations,
the photon A; and NV center e are changed into |¥}) as shown in the equation (9). After a H®
performed on the NV center ef, the subcircuit Cys,, (€%, A2) is performed on the photon Ay and the
NV center €f.

U) ayer B4 ——— (ol R)I1I1) + cu| L)1 ]1) + aa| R)|riTh) + a6l L) [r111)) ay Im ) ey |6) ag

Ca,sl,, (6/3,142

(1| R)|l1 E) + as|L)|11Er) + as|R)|[r1Er) + ag|L)|riE)) a, m ™),
®(Bo|R)|r212) + B1|R)|roE2) + Ba|L)|rals) + Bs|L)|raE2)
+Ba|R)|l212) + B3| R)|laE2) + Bs|L)|l212) + B7|L)|l2E2)) A, (17)

which may collapse into

(a0l R)lIh) + | L) |11 Ih) + a| R)riTy) 4 as|L)|r1l1)) 4, |)) 4,

+(aa|R)|l1E1) + as|L)|[l1E1) + as|R)|r1Er) + a7|L)|[r1E))a,

®@(Bo|R)|rol2) + Ba|L)|rola) + Bi|R)|raE2) + Bs|L)|r2Ea)

+B2|R)|la12) + Bs|L)|l212) + B3| R)[l2E2) + Br|L)|l2E2)) 4, (18)

after the measurement of the NV center e under the basis {|£).,}, where Z? will be performed

for the photon A; from each mode r1I; and r{FE; for the measurement outcome |—)eg, By =
(Bo + B2)/V?2, By = (Bo — B2)/V?2, By = (Br+ B3)/V2, By = (b1 — B3)/V2, By = (Ba + Be)/ V2,
Bs = (Bs— B6)/V2, B5 = (Bs + B7)/V2, and B = (85 — 7)/ V2.

Appendix J. Hybrid CNOT gate on the polarization DoF and the
spatial DoF {l,r} of one photon

From the Figure 5, after the photon A; from each spatial mode passes through CPBS, NV;, CPBS,

sequentially, the photon A; and NV center e; will be changed into |®1) 4,,, as shown in the equation



CZ,,(4.¢) C,, (e, 4)

Figure S5| Schematic CNOT gate on the polarization DoF and the spatial DoF {I, E} of the photon

Aj. e} denotes an auxiliary NV center charged in the cavity NV7.

(3). And then, after a H* performed on the NV center eg, the subcircuit Cyg, (€1, A1) is performed

on the NV center e; and photon Aj.
He _
[P1) Ay R (| R) |l 11) + ar|R)|l1 En) + ao|R)|rifh) + as|R)[r1E1)) Ay [m™ e,
asy, €1,A41

+(ag|L)|l1 1) + o L)r11h) + a7 | L) |l Er) + as|L)|r1Er)) a, [m™)e,
which may collapse into

ao|R)|l1 1) + a1 |R)|l1 Ey) + ao|R)|r111) + as|R)|r1 Er)
—|—O¢4‘L>‘T1[1> + Oé5|L>‘7“1E1> + 046‘L>“111> + 047‘L>‘11E1> (19)

after the measurement of the NV center e; under the basis {|£)., }, where ZP will be performed

for the photon A; from each mode for the measurement outcome |—)e,, af = (ag + az2)/V2,
oy = (a0—02)/V2, af = (a1+03)/V2, o} = (a1-0a3)/V2, B = (au+a6)/V2, af = (as—0g) /V2,
a = (a5 + a7) /v2, and of = (a5 — a7)/V2.

Appendix K. Hybrid CNOT gate on the polarization DoF and the
spatial DoF {I, F'} of one photon

From the Figure S5 in Supplementary Information, after the photon A; from each spatial mode
passes through CPBS, NV}, CPBS, sequentially, the photon A; and NV center €] will be changed
into |®1) 4, as shown in the equation (3). And then, after a H* performed on the NV center e,

the subcircuit Cqs,,, (€1, A1) is performed on the NV center €] and the photon A;.

1) aer ———— (ao|R)|I1[1) + a1|R)|I1 Er) + ao| R)|r11y) + as|R)|r1E1)) 4, [m ™).,

CasIE (617A1)
+(as| L)1) + au| L)l Er) + ag| L) riT) 4 a6l L) [riEr)) 4, [m™) e(20)

which may collapse into

040|R>|11]1> + 041|R>|Z1E1> + 042|R>|7“1]1> + 043|R>|7“1E1>
+O¢4|L>‘Z1E1> + 045|L>|11]1> + 046‘L>|’I"1E1> + 047|L>|7“1[1> (21)

after the measurement of the NV center €} under the basis {|£)./ }, where Z? will be performed

for the photon A; from each mode for the measurement outcome |[—)cr, oy = (ap + a1)/ V2,
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Figure S6| Hybrid CNOT gate on two spatial DoF's of the photon A; (a) Schematic hybrid CNOT gate on

the spatial DoF {l,r} and the spatial DoF {I, E} of the photon A;. (b) Schematic CNOT gate on the spatial DoF
{I, E} and the spatial DoF {I,r} of the photon A;.

ay = (ag—a1)/V2, oy = (ag+a3)/V2, oy = (2 —a3)/V2, B} = (cu+as5)/V?2, o = (a—as)/V2,
ol = (g + ar)/V2, and of = (ag — az)/V/2.

Appendix L. CNOT gate on two spatial DoF's of one photon

Figure S6(a) presents a schematic hybrid CNOT gate on the spatial DoF {l,r} and the spatial DoF
{I, E'} of the photon A;. Here, the photon A; from the spatial modes r;I; and r E; pass through
CBS, —1I, CBS, sequentially. The photon A; evolves as follows

CBS

‘¢1>A1

: ao| R)|In11) + aa|[R)|[1 Ey) + au|L)|ln]1) + as| L) |11 E)
mode pair (ri1;,r1E1)

+ap|R)|r111) + a5 R)|r1E1) 4+ ag|L)|ri11) + o4 |L)|r1 Ey)
—I

e =y 040|R>|l1[1> + 041’R>|Z1E1> + Ot4|L>|l1[1> + OZ5|L>|Z1E1>
mode r1FEq
+ay|R)|r111) — ag|R)|r1E1) 4 ag|L)|r11h) — of|L)|r1 Ey)
CBS

- 040|R>|11]1> + 041|R>|l1E1> + OZ4|L>|11]1> + a5|L>|l1E1>
mode pair (7‘1]1,7‘1E1)

+063|R>‘7“1]1> + 042|R>|7"1E1> + Oé7‘L>"l“1[1> + 046|L>‘7“1E1> (22)

where oy = (ag + a3)/v/2, o = (a2 — a3)/V?2, o = (ag + a7)/V/2, and oy = (ag — az7)/V/2.

Figure S6(b) presents a schematic hybrid CNOT gate on the spatial DoF {I, E'} and the spatial
DoF {l,r} of the photon A;. Here, the photon A; from the spatial modes [1F; and r;E; pass
through CBS, —I, CBS, sequentially. The photon A; evolves as follows

CBS

‘¢1>A1 Ozo’R>|l1[1> + 044’L>’l1[1> + O[Q‘RHTlIl) + 046‘L>‘T'1[1>

mode pair (i, E1,71E1)

+a1|R)|l1E1) + o5 |R)|r1Er) + of| L) |11 Ey) + or| L) |riEx)
-1

_ Oéo|R>|l1]1> + 044’L>|l1]1> + Oé2‘R>”I“1I1> + 046|L>‘7“1[1>
HlOde r1Eq
+ai|R)[h Er) — as|R)|[rEv) + o5 |L) |11 Er) — az|L)|r Ex)
CBS

- 040|R>|11]1> + 044’L>|l1[1> + OZQ‘R>|'I"1]1> + O£6|L>"l°1[1>
mode pair (T1[1,7‘1E1)

—I—O&3|R>‘11E1> + 051’R>’?”1E1> + 047|L>|Z1E1> + 045‘L>"I“1E1> (23)
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where o = (a1 + a3)/V2, o = (a1 — a3)/V?2, ok = (a5 + a7)/V/2, and of, = (a5 — a7)/V2.
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